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Abstract. The variety of sums of powers of a homogeneous polynomial of degree d 
in n variables is denned and investigated in some examples, old and new. These varieties 
are studied via apolarity and syzygies. Classical results (cf. [Sylvester 1851], [Hilbert 
1888], [Dixon, Stuart 1906]) and some more recent results of Mukai (cf. [Mukai 1992]) are 
presented together with new results for the cases (n,d) = (3,8), (4,2), (5,3). In the last 
case the variety of sums of 8 powers of a general cubic form is a Fano 5-fold of index 1 and 
degree 660. 
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0. Introduction 

0.1 Let / G C[xq, . . . , x n ] be a homogeneous form of degree d. / can be written as a 
sum of powers of linear forms 

/ = Zf + ... + ZJ 

for s sufficiently large. Indeed, if we identify the map Z i— ► l d with the d th Veronese 
embedding P n ^ P^, where Nd = ( n ^ d ) — 1, this amounts to say that the image spans 
p-^d What is the minimal possible value of s? 
A dimension count shows that 

,> r * f n+< ') 1 

~ 1 n+ 1 V n ) 

for a general /. With a few exception for (d, n) equality holds by a result of Alexander 
and Hirschowitz [ - 1995] and Terracini's Lemma [ - 1911]: 
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0.2 Theorem. (Alexander-Hirschowitz) A general form f of degree d in n + 1 variables 
is a sum of \^i( n ^ d )] powers of linear forms, unless 

d = 2, where s = n + 1 instead of f 1 ^] , or 

d = 4 and n = 2, 3, 4, where s = 6, 10, 15 instead of 5, 9, 14 respectively, or 
<i = 3 and n = 4, where s = 8 instead of 7. 

The exceptions were classically known cf. [Clebsch 1861], [Reye 1874], [Sylvester 1886], 
[Richmond 1902], [Palatini 1903], [Dixon 1906]. See also 1.4. 

0.3 For special forms / the minimal value s can both be smaller or bigger (cf. 1.6). 
As far as we know it is an open problem to determine the function s = s(d, n) such that 
every form of degree d in n+1 variables can be written as a sum of less than s + 1 powers. 

0.4 Given the answer to the first question, one might ask whether the presentation 
as a sum of powers is unique. Of course a general form can have a unique expression only 
if ^j-j- ( n ^ d ) is an integer. The following is known: 

A general form f of degree d in n + 1 variables has a unique presentation as a sum of 
s = ^j-j- ( n ^ d ) powers of linear forms in the following cases: 

n = 1, d = 2k — 1 and s = k, [Sylvester 1851], or 

n = 3, d = 3 and s = 5 Sylvester's Pentahedral Theorem [Sylvester 1851] [Reye 1873], 

or 

n = 2, d = 5 and s = 7 [Hilbert 1888], [Richmond 1902], [Palatini 1903]. 
Question: Are there further examples? 

Iarrobino and Kanev treat this question for polynomials with fewer summands (cf. 
[Iarrobino, Kanev 1996]). 

0.5 We put this question in a somewhat more general frame work: Let F = V(f) C 
P n be a hypersurface of degree d. If the equation / = if + . . . + is a sum of s powers 
of linear forms, then the linear forms give hyperplanes in Lj = V(k) C P n , hence points 
Li E P n in the dual space. The union of these points is a point in the Hilbert scheme 
Hilb s (P n ). We define the variety of sums of powers presenting F as the closure 



VSP(F, s) = {{L l5 ...,L s }e Hilb 8 {P n ) | 3A, e C : / = Xilf + ... + \sl*} 

of power sums presenting / in the Hilbert scheme. Note that taking d th roots of the Aj 
one could put them into the equations U. 

We study the set of power sum presentations as subsets of natural Grassmannians. 
There may be several Grassmannians to choose from, and it is not clear to us whether 
the compactification in these Grassmannians always coincide with the Hilbert scheme 
compactification for a given polynomial. In the cases treated here they do. The natural 
Grassmannians where we embed VSP(F, s) are presented in section 2. 
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Both for special and for general hypersurfaces F = V(f) the most basic questions 
about the schemes VSP(F, s) are: 

Questions: What is the degree degV 'SP(F, s) in case dimV SP(F, s) = 0? 
Is VSP(F, s) irreducible and smooth, in case dimV SP(F, s) > 0? 

The schemes VSP(F, s) are contravariants of the hypersurfaces F C P n under the 
action of PGL(n + l). They attracted an enormous amount of work during the last decades 
of the 19 th century, most notably in the work started by [Sylvester 1851], [Rosanes 1873], 
[Reye 1874] and [Scorza 1899]. Nevertheless little is known on e.g. the degrees resp. the 
global structure of these schemes. 

Our interest in these schemes arose from work of Iarrobino [ - 1994] and work of Mukai, 
who proved: 

0.6 Theorem [Mukai 1992]. Let FcP 2 be a general plane quartic. Then VSP(F, 6) is 
a smooth Fano 3- fold V22, i- e. of index 1 and genus 12 with anti-canonical embedding of 
degree 22. Moreover, every V22 arises this way. 

The fact that plane quartics F are exceptions of Theorem 0.2 lead to interesting 
geometric properties of a V22 — VSP(F,6): There are 6 conies passing through a general 
point of a V22, each corresponding to one of the 6 summands of the power sum. This was 
observed classically, e.g. by [Rosanes 1873] and [Scorza 1899]. However the Fano property 
was not known classically. Fano overlooked the existence of the V^'s in his famous paper 
[Fano 1937]. 

0.7 For the other exceptional cases in Theorem 0.2 there are interesting subvarieties 
of VSP(F, s) by similar arguments. In case of general quartics F C P 3 or P 4 or general 
cubics FcP 4 the varieties VSP(F : s) with s = 10, 15 or 8 respectively, are all 5-folds. 
The main emphasis of this paper lies on the study of VSP(F, 8) for cubics in P 4 , perhaps 
the easiest case among those three. Our main result is this: 

0.8 Theorem. Let F C P 4 be a general cubic. Then VSP(F, 8) is a smooth Fano 5-fold 
of index 1 and degree 660. More precisely: Let S 10 C P 15 denote the spinor variety of 
isotropic P 4 's in the 8-dimensional smooth quadric Q 8 C P 9 . There exists a linear subspace 
pio c pi5^ wn [ cn depends on F, such that VSP(F, 8) is isomorphic to the variety of lines 
in the 5-fold Y = Y(F) := P 10 n S 10 C P 15 . 

On first sight the occurrence of the spinor variety might look like a surprise. However 
it is less so in view of apolarity and the following result of Mukai: 

0.9 Theorem [Mukai 1995]. Let C C P 6 be a smooth canonical curve of genus 7 and 
Clifford index 3, (e.g. a general canonical curve of genus 7). Then C = P 6 fl S 10 for a 
suitable linear subspace P 6 C P 15 . 

Our second result generalizes Mukai's theorem to the case of "the general empty 
Gorenstein subscheme of degree 12 in P 4 ": Let Rs denote the homogeneous coordinate 
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ring of S 10 C P 15 . Let A = C[xq, . . . , x^/I be a graded Artinian Gorenstein ring with 
Hilbert function (1,5,5,1). Then we have: 

0.10 Theorem. Let Rs and A be as above. If A is general, then there exist a regular 
sequence of linear forms ho, . . . , h\o £ -Rs such that A = Rs/(ho, ■ ■ ■ , hio). 

The restriction general here means that the result hold for the general cubic dual 
polynomial. The connection to Mukai's theorem is the following: Let Rc be the homoge- 
neous coordinate ring of a smooth canonical curve C C P 6 . Then for a regular sequence 
ho, hi G Rc of linear forms the Artinian ring A = Rc / (ho, h\) has Hilbert function 
(1, 5, 5, 1). By [Schreyer 1986] Rc hence A is syzygy general, iff C has Clifford index 3. 

The connection with Theorem 0.8 is projective duality: The quadric Q 8 C P 9 has 2 
families of isotropic P 4, s, hence two (isomorphic) spinor varieties C P^j and S^ d C 
P^ d , where P^j = P^d naturally. With this identification is the dual variety S^, cf. 
[Ein 1986]. So, if A F denotes the apolar Artinian Gorenstein ring of a general cubic F C P 4 , 
cf. section 1, then A F has Hilbert function (1,5,5,1) and is syzygy general. If P 4 C P^j 
denotes the linear space defined by ho = ... = h w = 0, where A F = R Sev /(h , . . ., hio), 
then P 10 = P 4± C Pl 5 dd is the linear space such that Y(F) = P 10 n S^ d . 

0.11 Acknowledgment. This paper was initiated at a syzygy meeting at North- 
eastern University 1995, and completed during the special year of enumerative geometry at 
Institut Mittag-Leffler 1996/97. Thanks to Tony Iarrobino and Dan Laksov and to Stein 
Arild Str0mme for helpful discussions on computations. 

0.12 Notation. C denotes an algebraically closed field of characteristic 0. However 
with minor modifications all results in this paper hold for arbitrary fields of characteristic 
zero or fields of sufficiently large characteristic p, e.g. char(k) > d is necessary even to 
define the variety of power sums. All computer experiments in [MAC AULAY] , which lead 
us to discover our results, were done over a finite field. G(d, n) denotes the Grassmannian 
of (i-dimensional subspaces of k n , while G(n, d) denotes the Grassmannian of <i-dimensional 
quotient spaces of k n . 

We give the numerical information of the minimal free resolution of a graded S = 
C[xq, . . . , x r ]-module 

<_ m <- Fo <- F x <- . . . <- F n <- 
with Fi = (B jeZ (3ijS(-j) in MACAULAY notation, i. e. in the form 

PoO Pll 022 ■ ■ ■ Pn,n 

A)l 012 023 ■ ■ ■ Pn,n+1 

Pom Pl,m+1 ft2,m+2 ,n+m- 

Note that the integer m is the Castelnuovo-Mumford regularity of M. We indicate /3^'s 
which are zero by a — . For example the syzygies of the twisted cubic in P 3 look like: 

1 - - 
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there are 3 quadric generators of the ideal which have 2 linear syzygies. 
1. Apolarity and syzygies 

1.1 Consider S = C[xq, . . . , x n ] and T = C[<9o, . . . , d n ] . T acts on S by differentiation: 

d a (xP) = a\(^jx f} - a 

if (3 > a and otherwise. Here a and (3 are multi-indices, (^) = Yl an d so on. In 
particular we have a perfect pairing between forms of degree d and homogeneous differential 
operators of order d. Note that the polar of a form / G S in a point a G P n is given by 
P a (f) for a = (a , . . . , a r ) and P a = a i^i e T 1 . 

One can interchange the role of S and T by defining 

With this notation we have for forms of degree n 

P d a {f) = f{P d a )=d\f{a). 

Moreover 

/(P-) = <=► /(a) = (1.1.1) 

if m > (i. More generally we say that homogeneous forms f £ S and D & T are apolar if 
/(D) = .D(/) = (According to [Salmon 1885] the term was coined by Reye). 

Apolarity allows to define Artinian Gorenstein graded quotient rings of T via forms: 
For / a homogeneous form of degree d and F = V(f) C ~P n define 

F 1 - = f 1 - = {D e T\D(f) = 0} 

and 

A F = T/F ± . 

The socle of A F is in degree d. Indeed P a (D(f)) = VP a G T x D(f) = or D G T d . 

In particular the socle of A F is 1-dimensional, and A F is indeed Gorenstein and is called 
the apolar Artinian Gorenstein ring of F C P n . 

Conversely for a graded Gorenstein ring A = T/I with socle degree d multiplication 
in A induces a linear form f:Sd(Ti) — > C which can be identified with a homogeneous 
polynomial / G S of degree d. This proves: 
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1.2 Lemma [Macaulay 1916]. The map F i— > A F is a bijection between hypersurfaces 
F = V(f) C P n of degree d and graded Artinian Gorenstein quotient rings A = T/I of T 
with socle degree d. 

Macaulay's result in terms of "inverse systems" is explained more generally in [Eisen- 
bud 1995] Theorem 21.6 and exercise 21.7. The polynomial / is called the dual socle 
generator or the dual polynomial of A F . Note that the dual polynomial is defined only 
up to nonzero scalar. 

1.3 In the following we identify S with homogeneous coordinate ring of P n and T 
with the homogeneous coordinate ring of the dual space P n . F = V(f) C P n denotes 
always a hypersurface of degree d. We call a subscheme V C P n apolar to F, if the 
homogeneous ideal Ir C F 1 - C T. 

For example, if / = if + . . . + Zf and V = {Li, . . . , L s } C P n the collection of 
hyperplanes Li = V(k) C P n , then V is apolar to F = V(f). Indeed g(lf)=0 for g G Ir 
by (1.1.1). 

Conversely, if V = {Li, . . . , L s } C P n is apolar to F, then the inclusions (0) C Ir C 
F 1 - induces inclusions 

Hom(A%, k) C Hom(R d , k) C Hom(T d , k) 
where R = Rr = T/Ir is the homogeneous coordinate ring of V. The linear forms 

{D D(Z?)} 

span Hom(R d , k) so {L> ^ G Hom{A F d , k) takes the form £>(/) = L>(AiZf + . . . + 

\ s lf) for suitable Ai, . . . , A s e fc. Hence / = Ai/f + . . . \ s l d s and T G VSP{F, s). 

Let 7i C Hilb(P n ) be a component or a union of components of the Hilbert scheme. 
Then we call the scheme 

VPS(F, H) = {V G H | T is apolar to F} 

the variety of apolar schemes to F in H. For p G Q[t] we abbreviate 

VPS(F,p) = VPS(F,Hilb p (P n )). 

For s G N C Q[t] we have 

VSP(F,s) cVPS(F,s), 

This can be a proper inclusion even after taking closures in the Hilbert scheme. VPS{F,p) 
are contravariants of F. 

1.4 The consideration of A F gives a quick explanation, why quartics in P 2 , P 3 and 
P 4 are exceptions of Theorem 0.2: If a quartic is a sum of 5, 9 or 14 powers respectively, 
then F 1 - contains a quadric. However for a general F the ideal F 1 - is generated by cubics 
in all three cases. 
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In case of cubics FcP 4 the argument uses syzygies: As T-module an A F has syzygies 



- 10 16 - - - 

- - - 16 10 - 

for a general F. On the other hand for cubics, which are the sum of 7 general powers, 
F contains the ideal Iq of the rational normal curve CcP 4 which passes through the 
7 points. Since the homogeneous coordinate ring of C has syzygies 

- 6 8 3 --, 
the corresponding Gorenstein ring has syzygies at least 

- 10 16 3 - - 

- - 3 16 10 - 
----- 1 . 



So these F are not general. 

1.5 Syzygies of A F also give a quick uniform proof of the assertions in 0.4: For a 
binary form / of odd degree d=2k — l the apolar Artinian Gorenstein ring is a complete 
intersection 

A F ^C[d ,d 1 ]/(a,b) 

with dega + degb = 2k + 1, say dega < degb. For a general / we have dega = k and the k 
roots give the unique set l\, . . . , 1^ G C[x , x±] such that / = Xilf + . . . + Xklf- Similarly, 
of course, for a general form of even degree d — 2k, the apolar Artinian Gorenstein ring is 
a complete intersection 

A F ^C[d ,d 1 ]/(a,b) 

with dega = degb = k + 1. Thus VSP(F, k + 1) = P 1 . 

In Hilbert's case A F is Gorenstein of co dimension 3 and the structure theorem of 
Buchsbaum-Eisenbud applies. In particular the number of generators of F 1 - is odd. For a 
general quintic A F has syzygies 

1 - - - 

-41- 
-14- 

- - - 1 , 
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with the middle matrix <fi is skew symmetric, its Pfaffians generate the ideal. The 4 linear 
entries of the first column are dependent, since C[<9o, <9i, 82] has only 3 linearly independent 
linear forms. Thus after column and row operations we may assume 











do 


01 


d 2 


\ 










<?23 


<?24 


<?25 






-do 


-923 





<?34 


<?35 




V 


-0i 


~<?24 


-934 





<?45 


/ 


-d 2 


-?25 


-935 


-?45 






for a general F. The 2x2 minors of the block 

d di d 2 
Q23 Q24 Q25 

are among the Pfaffians of <p and generate the ideal of the unique 7 points in P 2 . 

Finally for the pentahedral theorem we note that A F for a general cubic FcP 3 has 

syzygies 

' 1 - - - 

= - 5 5 - 

1 
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5 
5 



1 



6 



cf. [Kustin, Miller 1985] for the decomposition. The 5 Pfaffians among the 6 quadrics 
define the ideal of 5 distinguished points. (This decomposition of syzygies is well-known 
in case of canonical curves C C P 5 of genus 6: A general genus 6 canonical curve C 
is a complete intersection of an unique Del Pezzo surface of degree 5 and a non unique 
hyperquadric, cf. [ACGH 1985], [Schreyer 1986], [Mukai 1988].) 

1.6 In the cases above one can give examples of forms which need more summands 
than the general form for a power sum presentation easily: Just take the unique finite 
length subscheme non- reduced. 

For binary forms the syzygy approach solves the question posed in 0.3 and 0.5. E.g. 
every binary form of degree d is sum of s = d or less d th powers. An example of a form 
which achieves this bound is / = xy d ~ 1 . Here 

A F = C[d X ,dy]/(dld d y ). 

Since every element of F 1 - of degree < d — 1 has a double root s = d. For d d — d d G F 1 - 
the corresponding power sum is 



where Cd 2 is a primitive <i 2 -th root of unity. 

Mukai's result VSP(F, 6) = V22 for a general plane quartic F C P 2 , is obtained with 
syzygies. The approach is similar for general planes curves of even degree up to 8. 
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1.7 Theorem. Let F be a general plane curve of degree 2n, 1 < n < 4, then 

VSP(F, (^ + 2 ^ ) = G(n + 1, V, 77) = {-E 1 G G(n + 1, | A 2 £ C ker( V )} 

where V is a2n + 3-dimensional vector space and 77 is a net of alternating forms 77: A 2 V — > 
C 3 on V. 

i) [Mukai 1992] When F is a smooth plane conic section, then VSP(F, 3) is a Fano 
3-fold of index 2 and degree 5 in P 6 . 

ii) [Mukai 1992] When F is a general plane quartic curve, then VSP(F,6) = V22 (cf 

0.6). 

in) [Mukai 1992] When F is a general plane sextic curve, then VSP(F, 10) is isomor- 
phic to polarized Resurface of genus 20. 

iv) When F is a general plane octic curve, then VSP(F, 15) is finite of degree 16 , i. 
e. consists of 16 points . 

Proof. The apolar Artinian Gorenstein ring A F has syzygies 

1 - - - 



- 2n + 3 2n + 3 - 



- - - 1 . 

Thus there are no polynomial of degree n in F- 1 . General ( n ^" 2 ) points in P 2 which do not 
lie on a curve of degree n have a Hilbert-Burch resolution 

1 

- n + 2 n+ 1 , 

cf. [Eisenbud 1995] Therem 20.15. Thus V e VSP(F, ( n J 2 )) correspond ton+1- 
dimensional quotient spaces (i ? - L ) n+ i — > C n+1 = E* such that the corresponding n + 
1 x n + 1 block of the 2n + 3 x 2n + 3 skew-symmetric syzygy matrix is identically 
zero. Interpreting <p as a net of alternating forms 77: A 2 V — > C 3 on a 2n + 3-dimensional 
vectorspace V = (F ± )* +1 one obtains the stated result. Since 

VSP(F,( n + 2 ^))^G(n + l,V, V ) 

is defined by a section of a rank 3( n ^" 1 )- vectorbundle on the (n + l)(2n + 3) -dimensional 
Grassmannian G = G(n + 1, V), the invariants of VSP(F, ("J 2 )) are easu Y computed. □ 
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This proves the easy part of Mukai's theorem for plane quartics. For the difficult part, 
that every V22 arises this way, cf. [Mukai 1992]. 

1.8 To describe VSP(F : 8) for a general cubic F C P 4 we look for subcomplexes 

-78-- 

-- 3 8 3, 

corresponding to 8 points T C P 4 , of the syzygies of A F 

- 10 16 - - - 

- - - 16 10 - 
----- 1 . 

Thus we have embeddings VSP(F, 8) ^ G(7, 10) or VSP(F, 8) ^ G(8,16). However 
unlike Mukai's case, we could not find a description of the compactifications of those 
subschemes, which would give e.g. a correct dimension estimate. Our method is more 
involved. 

2. Duality, projections and secants 

2.1 The syzygy approach of the previous section has a geometric counterpart in terms 
of duality and projections which will clarify our solution of the case of a cubic in P 4 . In 
the next section we shall see how this more geometric approach and the syzygy approach 
both apply to the cases of plane curves of degree 7 and quadric surfaces. 

With notation as above let / G Sd be a homogeneous form of degree d, and assume 
/ = if + . . . + 1^ for some s and some linear forms k i. e. V = {Li, . . . , L s } C P n is apolar 
to F = V(f). The first simple but crucial observation is that for any homogeneous D G T 
of degree < d! < d, we get 

1=1 

with Af G C. Thus V is apolar to F D = V(D(f)) : i. e. to all multiple partials of /. 

2.2 Now fix an e < d and let 

F e ± = {DeT e \D(f) = 0}cF ± . 

Then 

F^ = {D ET e \D(D'(f)) = for all D' G T rf _ e } C T e , 
so F^ is the dual space to the space 

F e = {D'(f)\D' ET d . e }cS e 
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of multiple partials of /. We consider the map 

7rf:P n ^P,(F e ± )=P nE 

defined by F^~, with n e = dimFj 1 — 1. By construction is the composition of the e-uple 
embedding of P n and the projection from the partials of / of order d — e considered as 

points in P^ d > 

2.3 If T = {Li, . . . , L s } C P n is apolar to F e , then 7 r (e) C F^ and the span of irf (Y) 
has dimension 

d r (e) = dimF^ - dim/ r (e) - 1. 

Therefore, when F^~ has no basepoints, nf(Y) is contained in a fiber of over a 
linear space of dimension dr(e). When ix F is an embedding the apolar set Y determine a 
s-secant P dr ( e ) to yrf (P n ) this way. 

2.4 If d r (e) = d e (s) is independent of Y e VSP(F, s), then 

T ^< Trf(r) > 

defines a map 

p : VSP(F, s) -> G(d e {s) + l,n e + 1). 

This occurs naturally when the (d — e)-uple partials of / are linearly independent and the 
points of T impose independent conditions on forms of degree e for any Y e VSP(F, s). 
In this case n e = ( n + d ) - ( n+ d d _~ e ) and 

, / s , / s / n + d — e\ 

d r (e) = d e (s) = s - ^ rf _ e J-l. 

In general p is a rational map, when it is birational it gives a birational model of 
VSP(F, s). Of course, this model may not coincide with the Hilbert scheme compactifica- 
tion of (0.5), and in general we see no reason why it should. 

In the cases treated here we choose the minimal e such that d e (s) > 0. This number 
coincides with the highest degree of the generators of F 1 - and the homogeneous ideal ir 
of T G VSP(F, s). Since A F is Artinian, F^~ cannot have base points, and the map 
p : VSP{F, s) — > G(d e (s) + 1, n e + 1) is a morphism. In each case treated here we check 
in fact that it is an embedding of VSP(F, s). 

By construction the image of p is a subvariety of the variety of s-secant spaces to 
7rf (P n ) of dimension d e (s), and in general it is proper. 

In fact, the image ir F (L) of any line L C P n have a span of dimension at most e. So 
as soon as e < d e (s) any scheme of length s on the line will contribute to the variety of 
s-secant spaces to irf(P n ) of dimension d e (s), while such schemes are not apolar to F. 

The general criterion for a subscheme Z to be apolar to F can be weakened to a useful 
sufficient criterium: Consider a scheme Z C P n of length s such that the span of 7rf (Z) 
has dimension <i e (s). Let iz be the homogeneous ideal of Z. If Z impose s conditions on 
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forms of degree e, then -Tz(e) C F^~. If furthermore Iz is generated by forms of degree e, 
then I z C F 1 - and Z is apolar to F. 

2.5 The projection from partials is well illustrated by the case of the cubic consisting 
of three lines in the plane. Let / = X0X1X2, F = V(f). Then 

Fi- = {De T e \D(f) = 0} =< dl d\, d% >, 

and 

n( : P 2 ^ P 2 

is a 4 : 1-map. If V G VSP(F, 4), then I r is generated by two quadrics, so V is a fiber 
of 7r<f '. Conversely any general fiber Z of tt f is a collection of 4 distinct points, the 
complete intersection of two quadrics. Therefore Z is apolar to F. We conclude that 
VSP(F,A) 9* P 2 . 

Note that this approach works for the general plane cubic so VSP(F, 4) = P 2 for any 
general cubic FcP 2 . 

Remark. We get the Hilbert scheme compactification in this case since the map tt^ 
is finite and every fiber have length 4. 

3. Further examples 

In this section we illustrate the syzygy approach and the duality and projection ap- 
proach applied to the cases of plane curves of degree 7 and quadric surfaces. 

3.1 Theorem. [Dixon, Stuart 1908]. Let F C P 2 be a general curve of degree 7. Then 
VSP(F, 12) consists of 5 distinct points, i. e. the form of degree 7 defining F have precisely 
5 distinct presentations as the sum of 12 powers of linear forms. 

We consider first the apolar graded Artinian Gorenstein ring A F = C[<9o, di, &2\/F . 
It is a certain "Veronese" quotient of the homogeneous coordinate ring of a smooth Del 
Pezzo surface D of degree 5 in P 5 . More precisely let Id C C[y , . . . , y 5 ] be the homoge- 
neous ideal of a smooth Del Pezzo surface in P 5 : 

3.2 Proposition. Let A F be as above. Then there is a Veronese embedding of P 2 — > P 5 
with corresponding ring homomorphism <p : C[yo> • • • > ys] C[do,di, 82] such that A F = 
C[do, di, 82] /^f (Id) where <p(Id) denotes the ideal generated by the image of Id under <p. 

Proof. For the general Veronese embedding P 2 — > P 5 the quotient 

C[do,di,8 2 }/p(I D ), 

has syzygies 

1 _ _ _ 



- 5 - - 

- - 5 - 



- - - 1 
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The middle matrix is skew symmetric with quadratic entries inherited from the skew 
symmetric matrix in the resolution of Id be the map tp. Thus the quotient is Artinian 
Gorenstein with socle degree 7, so it is A F for some plane curve F of degree 7. Now, all 
smooth Del Pezzo surfaces of degree 5 are projectively equivalent, so the number of moduli 
for these rings is dimPGL(6, C) — dimPGL(2, C) = 27 which is the same as the number of 
moduli of plane curves of degree 7. Now any isomorphism of two rings A F clearly comes 
from an automorphism of P 2 , so there is an injective map between the moduli space of 
rings to the moduli space of curves of the same dimension. Since both spaces are irreducible 
the proposition follows. □ 

Proof of (3.1): Recall from the proof of the proposition that F 1 - is generated by 5 
quartics, they are restrictions of the quadrics defining a Del Pezzo surface D to the Veronese 
embedding V of P 2 . The map irf : P 2 — > P 4 defined by these 5 quartics is therefore a 
morphism. A set of 12 points V C P 2 is apolar to F when they are collinear under this 
map, and the ideal Ir is generated by three quartics, cf. 2.4. Now, the Del Pezzo is a linear 
section of the Grassmannian G(2, 5) C P 9 . The 5 quadrics generating the ideal of G(2, 5) 
define a rational map tt : P 9 — > P 4 . The preimage of a line is a twisted cubic 6- fold scroll 
with vertex a plane, it lies in a tangent hyperplane to G(2, 5). Similarly the preimage of a 
line for the map defined by the quadrics in I D are restrictions of these twisted cubic scrolls 
to P 5 . The general one meets P 5 in a twisted cubic surface, which does not meet V. The 
tangent hyperplanes to G(2,5) are naturally parameterized by G(5, 3) in the dual space 
P 9 . Dual to P 5 C P 9 is a P 3 C P 9 . This P 3 meets G(5,3) in 5 points. These 5 points 
correspond to the 5 twisted cubic threefold scrolls that contain D. They each intersect 
V in a scheme of length 12 which become collinear under the map to P 4 . The ideal of 
these points is generated by the three minors of a 2 x 3 matrix with quadratic entries, so 
these 5 schemes of length 12 are precisely the elements of VPS(F, 12). When the Veronese 
embedding is general with respect to the Del Pezzo surface D, these apolar schemes are 
all smooth such that VPS(F, 12) = VSP(F, 12), and the theorem follows. □ 

Together with (1.5), (1.7) and (2.5) this result treats general plane curves of degree 
< 8. For higher degrees the problems seems more difficult. 

3.3 Theorem. Let F C P 3 be a smooth quadric surface. Then VSP(F, 4) 2* G(2, 5). 

Proof. The apolar Artinian Gorenstein ring A F is the homogeneous coordinate ring 
of the Segre embedding of P 2 x P 2 C P 8 intersected with a general P 3 . The Cremona 
transformation defined by the quadrics through the Segre embedding restricts to this P 3 
as tt f , and VSP(F 1 4) can be identified with the 4-secant planes to the image of P 3 under 
this Cremona transformation. The preimage of planes by the Cremona transformation 
are Veronese surfaces which intersect the Segre embedding along an elliptic normal curve 
of degree 6, cf. [Ein, Shepherd-Barron 1989]. Each Veronese surface span a P 5 and 
there is one such Veronese surface in each P 5 of P 8 . In fact the secant variety of the Segre 
embedding is a cubic hypersurface V in P 8 . This hypersurface in the image P 8 intersects a 
general plane in a curve whose preimage by the Cremona transformation is the intersection 
of the Segre embedding with the Veronese surface. This defines a correspondence between 
P 5, s in the source space and planes in the target space of the Cremona transformation. 
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The Veronese surface of a P 5 in the source P 8 intersect P 3 in 4 points if and only if 
the P 3 is contained in the P 5 . Since there is a G(2, 5) of spaces P 5 through a P 3 in a P 8 
the theorem follows. □ 

4. Cubic threefolds, first properties 

4.0 Let / e S = C[xq, . . . , X4] be a general cubic polynomial, and F = V(f) C P 4 , 
and let T = C[do, . . . ,84]. In the remaining sections we investigate VSP(F, 8). Chrono- 
logically we started to study its local geometry. We show in this section that there are 8 
conic sections through each point in VSP(F, 8). In the next section we study the syzygies 
of 8 general points in P 4 , and in particular describe the pencil of elliptic quintic curves 
through 8 general points. For a general cubic, we then started to look for the variety of 
apolar elliptic quintic curves. With MACAULAY we computed examples of apolar Ar- 
tinian Gorenstein rings for cubics / with general syzygies, and found a rank 10 quadratic 
relation among the apolar quadrics to /. The quadrics defining an apolar elliptic quintic 
curve through an apolar subscheme of length 8, form an isotropic P 4 for the corresponding 
quadratic form. Thus we look for a certain subvariety Y of the set of isotropic P 4, s of a 
smooth quadric Q in P 9 parametrizing apolar elliptic quintic curves. The isotropic P 4, s 
are parameterized by a 10-dimensional spinor variety S, which plays a crucial role in our 
investigation. We introduce S in section 6 with its natural half spin embedding in P 15 , and 
show that the apolar Artinian Gorenstein ring of a general cubic F is an Artinian quotient 
of the homogeneous coordinate ring of this spinor variety in section 7. In section 8 we 
then use the facts that the spinor variety is isomorphic to its dual, and that the quadrics 
generating its homogeneous ideal define a map of P 15 onto the smooth quadric Q in P 9 , to 
find the variety of apolar quintic elliptic curves, and prove the main result on VSP(F, 8). 
In the last section we show that VSP(F 7 8) is a Fano variety of index 1 and degree 660. 

4.1 First we construct a rational map of VSP(F, 8) into the Grassmannian of G(3, 10) 
of planes in P 9 . The apolar quadrics 

F 2 ± = {DeT 2 \D(f) = 0}, 

define in the notation of section 2, a map 

7r 2 F :P 4 ^P 9 (=P Ht (F 2 i )), 

the composition of the Veronese embedding P 4 — > P 14 with the projection from the partials 
of / considered as points in P 14 . For general F this map is an embedding as we shall see 
later (cf. 8.3). We denote the image by Vp- 

As in (2.4), if {L u . . . , L 8 } G VSP(F, 8) then 

< nfC-ki, . . . , Lg) >= span{7rf (Li), . . . , yrf (L 8 )} 

is only a plane in P 9 . It is an 8-secant plane to 7r.f (P 4 ) = Vf C P 9 . Thus we have defined 
a map of VSP(F, 8) into G(3, 10) as promised. In section 8 we show that this map is in 
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fact an embedding. For the purpose of this section we identify VSP(F, 8) with its image 
in G(3,10). 

Notice that all 8-secant planes to Vp need not come from points on VSP(F, 8). In 
fact any line in P 4 is embedded as a conic on Vf, but 8 points on it does not belong to 
VSP(F,8). 

4.2 Recall from (1.4) that for cubics F = V(f) C P 4 where / is a sum of 7 general 
powers, called a degenerate cubic, the unique rational normal quartic curve C C P 4 passing 
through the 7 points is apolar to F. By the 3-uple embedding of P 4 into P 34 , the curve C 
has degree 12 and spans a P 12 which contain the cubic /. This P 12 can be interpreted as 
the space of binary forms of degree 12, and the fact, from (1.5), that VSP(fbi ni 7) = P 1 
when one considers / as such a binary form jbim means that C has a P 1 of 7-secant P 6, s 
passing through /. In the interpretation of / as a cubic the conclusion is that VSP(F, 7) 
contains a P 1 . On the other hand the quadrics through C are apolar to F. The apolar 
quadrics 

F 2 ± = {DET 2 \D(f) = 0}, 

define a map 

7r F : p4^p9 (=p+(F ± )) _ 

Recall that a rational normal quartic curve is defined by the 2x2 minors of a 2 x 4 matrix 
with linear entries. Among these minors there is the Pliicker quadric relation, a rank 6 
quadric. Therefore 7nf (P 4 ) C P 9 is contained in a rank 6 quadric, and Cp = 7r| \C) spans 
the vertex P 3 of this quadric. Any 7 points apolar to F become collinear on Cp. Thus 
Cp is a curve of degree 8 in P 3 with at least a P 1 of 7-secant lines. This, of course, occurs 
precisely when Cp is a. curve of type (1, 7) on a smooth quadric surface. Thus for general 
degenerate cubic F, the variety VSP(F\, 7) = P 1 , identified by one of the rulings of a 
quadric in a P 3 . 

4.3 Proposition. There are 8 conic sections through the general point on VSP(F, 8) C 
G(3, 10) corresponding to the 8 summands of the power sum presentation. 

Proof. Let {L U ...,L 8 } e VSP(F, 8) be a general point with Li = V{k). Then 
/ = If + . . . + Z|. Thus fi = f — Z 3 is a degenerate cubic, and the union of any element of 
VSP(FiJ) with Li belongs to VSP(F,S). From (4.2) we get altogether 8 P^s through 
{la, . . . , L 8 }. Now to show that these P^s are conic sections in the image of VSP(F : 8) 
in G(3, 10) we consider again the rational normal curve apolar to Fi. The image of this 
curve on Vf has degree 8 and has a pencil of 7-secant planes all passing through the point 
Li. The projection from Li therefore have degree 8 and have a pencil of 7-secant lines, 
which must form a quadric surface like above. Therefore the 7-secant planes form a pencil 
of planes of a rank 4 quadric in a P 4 . But such a pencil clearly form a conic section in 
G(3, 10), so the proposition follows. □ 

5. Syzygies of 8 general points in P 4 

In this section we describe the family of elliptic quintic normal curves through 8 
general points in P 4 . 
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5.1 Let T = {pi, . . . ,p 8 } = Di fl D 2 C S C P 4 be the 8 intersection points of two 
elliptic normal curves D\, D 2 G| 2iiT — | on a cubic scroll ScP 4 , where H, R e PicS 1 is 
the hyperplane class respectively ruling on S. The resolution 

<- C r <- <- 20 S (-2H + R) <- O s (-4H + 2R)^0 

of T on 5 induces a filtration 



for the syzygies of T C 



Hence the piece 



-78-- 
-- 3 8 3. 



-- 3 8 3. 

of the syzygies of V recovers S as the support of the cokernel of the map 30(— 4) <— 8(9(— 5). 
The pencil can be recovered from 20(— 5) in the kernel of this map. 

In the rest of this section we show that any general set of 8 points in P 4 has syzygies 
as above. 

5.2 Proposition. There is a pencil of elliptic quintic curves through 8 points in general 
position in P 4 . This pencil sweep out a rational cubic scroll. 

Proof. Recall the classical result (Castelnuovo) that there is a unique rational normal 
quartic curve through 7 general points in P 4 . So given 8 points consider the rational 
normal curve passing through all but one of them, say the point p. The ideal of the 
rational quartic curve is generated by the 2x2 minors of a 2 x 4 matrix with linear entries. 
This matrix has rank 2 at p, but clearly one can find a 2 x 3 submatrix which have rank 
1 at p. This submatrix has rank 1 on a rational cubic scroll. Thus we find rational cubic 
scrolls through the 8 points. 

Given a rational cubic scroll through the 8 points there is either one or a pencil of 
anticanonical curves on the scroll passing through the 8 points. On the other hand, an 
anticanonical curve on the scroll is an elliptic quintic normal curve. Any complete linear 
series of degree 2 on this curve define a scroll, the union of the secant lines to the curve 
meeting the curve in pairs of points which belong to the linear series. These scrolls are 
rational cubic scrolls, and their union is precisely the secant variety of the elliptic curve. 
Since the complete linear series of degree 2 on the elliptic curve E is parameterized by 
Jac 2 E which is again an elliptic curve, we have found for each elliptic curve through the 
8 points an elliptic pencil of rational cubic scrolls through the 8 points. 
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Given 8 points on an elliptic quintic curve, the quadrics through the 8 points will 
define a linear series of degree 2 on the curve. Consider the rational cubic scroll of the 
curve determined by this linear series. On it the elliptic curve will move in a pencil through 
the 8 points. Thus there is a linear pencil of elliptic curves through the 8 points and they 
sweep out a rational cubic scroll. To show that there is only one such pencil, consider two 
elliptic quintic curves through the 8 points. The 5 quadrics through one of the curves define 
a linear series of degree 2 residual to the 8 points on the other, so there are 3 quadrics 
containing both curves. Since their union has degree 10, the three quadrics cannot define 
a complete intersection, so in fact they define a cubic scroll. Clearly it is the one described 
above, so it is unique. □ 

With (5.2) it is natural to see VSP(F, 8) for a cubic threefold F as a variety of lines 
in the variety of apolar elliptic quintic curves to F. We come back to this in section 8 after 
introducing the spinor variety and with it the apolar Artinian Gorenstein ring A F . 

6. Equations and geometry of the spinor varieties S e „ and S a dd 

6.0 Let W be a 10-dimensional vector space and let Q 8 be a rank 10 quadric in 
P 9 = P*(W), i. e. defined by a nondegenerate quadratic form q : W — > k. The quadric Q 
contains two families of isotropic P 4, s, parameterized by the (isomorphic) spinor varieties 
S e „ and S dd- We recall the description of these varieties cf. [Room 1952], [Chevalley 
1954], [Lazarsfeld, Van de Ven 1984], [Zak 1984], [Ein 1986], [Mukai 1995]. 

6.1 Let Q be defined by the equation 

5 

Q = ^ViV-i = 

i=i 

Then Uq = {y± = . . .y<s = 0} and Uoo = {V-i = • • • U-5 = 0} C W represent a pair of 
disjoint isotropic P 4, s. Let ei, . . . , e_5 G W be the dual basis of the y±^s. Then 

Uq =< e_i, . . . , e_ 5 > and =< e u . . . , e 5 > . 

These space are dual to each other via q. Consider the Clifford-operators 

5 5 

d + = ^yiei and <9_ = ^y_;e_;. 

i=i i=i 

The operation d±: A'L/qo — > W* <E> A'^Uoo as wedge-product respectively contraction 
induce a map of bundles Apg — > Apg(l), where A = A't/oo- For d = d+ + d- one has 
d o d = q ■ id a- Hence decomposing in even and odd parts one obtains two rank 8 vector 
bundles on Q: 

E ev = coker(d odd : A°Q d (-l) -> An) and E odd = coker(d ev : Ag'(-l) -> A$ d ). 
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The bundles are related to each other via the short exact sequences 



_> E odd (-l) -> A% -> £ eu -> and -> £ eu -> Aq -> £ ocW (l) -> 0. 

E ev / odd are homogeneous bundles under the action of SO(q). They are the unique inde- 
composable vector bundles E on Q with H l (Q, E(n)) = for all n and < i < dim Q, 
cf. [Knorrer 1987]. The induced action on A ev / odd = H°(Q, E ev / odd ) are the half spin 
representations of SO(q). 

6.2 Every isotropic P 4 arises as zero loci of a section in E ev respectively E odd . We 
treat E ev : 

Let 1, e\ Ae2, . . . , e^f\e^, Ae3 f\e^ Aes, . . . , e\ f\e^ Ae3 f\e± be the basis of monomials in 
e±, . . . e 5 of A ev , and let x$, x\2, ■ ■ ■ , £45, £2345, • • • ? ^1234 be corresponding dual coordinate 
functions on A ev . In these coordinates the section (1,0,..., 0) vanishes along P^(U ): 

d ev :(l,0,...,0)^y 1 e 1 + ... + y 5 e 5 . 

Let (ids, A) = (&ij-> a ij) be point in the affine neighborhood of G Hom(Uo, U^) C 
G(5, W). (id, A) e Hilbp*(Q) iff 



^{u ?)(")= A + A ' = ° 



i. e. if A = (ay) is skew symmetric. More intrinsically, an affine peace of the spinor 
variety S e „ is given by A 2 Uoo C if om ( t/^, £/oo) = fiom ( £/o, t/oo)- Concerning the spinor 
embedding we consider the exponential map 

exp : (ciij) i-> (l,aij,PiaS ijk i(A)) e A ev . 

Here PfaSijki(A) = a^aki — a>ika>jl + auo-jk- In more intrinsic terms the exponential map 
is given by 

exp: A 2 U 00 -> A ev , A^1 + A+-AAA 

2 

A computation shows, that the corresponding section has zero loci defined by 

+ a ijy~j = for z = 1, . . . , 5 

3 

as desired. 
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6.3 The image of the exponential map satisfies the homogeneous equations 

q+ = X X 2 345 + ^23^45 - ^24^35 + ^34^25 

q% = ^0^1345 - ^13^45 + ^14^35 - ^34^15 

q% = ^0^1245 + ^12^45 - ^14^25 + ^24^15 
Q4 = ^0^1235 ~ ^12^35 + ^13^25 — ^23^15 
<?5~ = ^0^1234 + £12^34 — ^13^24 + ^23^14 
q 1 = X12X1345 + £13X1245 + ^14^1235 + ^15^1234 
<?2~ = -^12^2345 + ^23^1245 + ^24^1235 + ^1234^25 
<?3~ = -^13^2345 - ^23^1345 + ^34^1235 + ^1234^35 
q~l = -^14^2345 - ^24^1345 - ^34^1245 + ^1234^45 
q& = -^15^2345 - ^25^1345 ~ ^35^1245 - ^1235^45 

Indeed in the open set xq = 1 the first five equation express Xijki as the Pfaffians of 
X = (xij), and the last 5 equations become the well-known syzygies among the Pfaffians. 

6.4 Proposition, (e.g. [Mukai 1995]). S e „ C P 15 is defined by the equation above. It has 
degree 12, its homogeneous coordinate ring is Gorenstein, with syzygies 

- 10 16 - - - 

- - - 16 10 - 

Proof. We already saw that the spinor variety S e „ C P 15 is defined by these equations 
in the affine part xq = 1. Moreover the equation have syzygies as claimed. This follows 
from e.g. a MACAULAY computation. By the length of the resolution we conclude 
that this ideal is projectively Cohen-Macaulay. Furthermore by a similar computation 
xq is a nonzero divisor. Since projective Cohen-Macaulay ideals are unmixed, this is the 
homogeneous ideal of S e „ C P 15 .D 

6.5 Consider the point o = (1 : : . . . : 0) G S e „ corresponding to Uq. The tangent 
space at o is T Sj0 = {^1234 = £1235 = ^1245 = ^1345 = ^2345 = 0}. The equations 
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define the image S C P 14 of the birational projection of S e „ from o. Notice that S is 
generic syzygy variety, cf. [Eusen, Schreyer 1995]. S has syzygies 

- 5 1 - - 

- - 11 10 1 
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The equation of S e „ C P 15 can be recovered from S as 

*.•(?) = <. 

where ip^ is the last syzygy matrix of S. 

The exceptional set of the projection is inside Ts )0 and there given by 

/ ^23^45 - ^24^35 + ^34^25 \ 
-X 13 X 4 5 + X 14 X3 5 - X 34 X 15 
^12^45 — ^14^25+^24^15 =0 
-^12^35 + ^13^25 - ^23^15 
V - X13X24 + ^23^14 / 

These are just Pliicker quadrics. So the exceptional set is the seven dimensional cone 

G 7 Q = {P,(t/)|dimt/nC/ > 3} 

consisting of even isotropic P 4, s whose intersection with P*(£/o) is at least 2-dimensional. 
Thus G 7 has vertex o and is isomorphic to the cone over G(3, U ). 

6.6 The rational map 

v+ : P*(A e ") - - > P 9 = P*(W), a » [ 9l -(a) : . . . : q+(a)} 

defined by the 10 quadrics maps a section of a G P*(A ev ) = P*(H°(Q, E ev )) to its zero 
loci, which is a point on Q for general sections since cs(E ev ) = 1. Indeed 

qT -Qi + ■ ■ ■ + % ■ q£ = °> 

so the image is Q C P 9 . To see the statement about the zero loci we notice that from a 
different point of view the map 

d ev :A ev -> W* ® A odd 
coincides with the first syzygy matrix of S ev 

V? 2 : A ev -> W* <g> (A ev )* 

if we identify A odd = (A ev )* via the wedge- pro duct pairing into A 5 Uoo. For a point 
[a] G P 15 \S e „ the matrix ^2(0) has rank 9 precisely and [q^(a) : . . . : q^(a)] represents 
the cokernel. This means that the section [a] G P 15 vanishes at [g^(a) : . . . : q^(a)] G Q. 

6.7 Consider the inverse image by the map v + of an isotropic P 4 . In both families 
this can be computed from the equations. For the isotropic subspace = P*(t/oo) C Q 
the inverse image by v + is defined by 

Qi =q£ = q£ = vt = q£ = Q 
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Let H be the hyperplane defined by x = 0. The quadrics, restricted to H, are the same 
Pliicker quadrics as above. This time they define an 11-dimensional cone G]} isomorphic 
to a cone over G(2, Uqq). Note that the hyperplane H belongs to the dual variety. It is 
tangent to S e „ along the contact locus Ch, the P which is the vertex of the 11-dimensional 
cone G]}^ , it is defined by Xij = 0, all i < j and coincides naturally with the dual space 
to P H <(L r 00 ). On the complement of H, where xq = 1, we get as noted in (6.3) precisely 
the image of the exponential map. From the equations we get that the quadrics qf define 
the graph in span < Ts )0 , Ch >= P 15 of the rational map of Ts j0 into Ch defined by the 
Pliicker quadrics. This graph is 10 dimensional and its closure in P 15 is of course again just 
S e „ (cf. also [Ein 1986]). Thus the inverse image of is the 11-dimensional cone G]}^ 
which intersect S e „ along a tangent hyperplane section H defined by x$ = 0. Therefore 
the isotropic space P^ canonically correspond to the hyperplane which contains its inverse 
image by v + . The point H e S dd is the point associated to Poo. 

6.8 For the isotropic space P = P*(L r ), the inverse image by v + is given by 

Qi = 0.2 = <h = <h = <k = °- 

As noted in (6.5) this is the cone with vertex o = (1 : : . . . : 0) e S e „ over a generic 
syzygy variety. Two isotropic subspaces of Q which intersect in a P 3 form the intersection 
of Q with a P 5 . Therefore the union of the preimages of the two subspaces by v + is the 
complete intersection of 4 quadrics. Since the preimage of P^ has degree 5 and dimension 
11 the preimage of P must therefore have degree 11 and dimension 11. 

Note that any hyperplane containing T Si0 will intersect the preimage of P in T Si0 and 
a residual variety which intersect Ts )D along a quadric. 

7. The apolar Artinian Gorenstein ring of a general cubic threefold 

Proof of (0.10): Recall from (6.4) that the homogeneous coordinate ring Rs of the 
spinor variety S C P 15 is Gorenstein with syzygies 

- 10 16 - - - 

- - - 16 10 - 
----- 1 . 

The spinor variety has dimension 10, so eleven general linear forms ho, ... , hio define a P 4 
which does not intersect S. Therefore the quotient A = Rs/(ho, . . . , h\o) is an Artinian 
Gorenstein ring. Its Hilbert function is (1,5,5,1) and it has socle degree 3, so A is the 
apolar Artinian Gorenstein ring A F for some cubic hypersurface F C P 4 . Now, let X 
be the open set in the Grassmannian G(5, A ev ) of subspaces which does not intersect the 
spinor variety S+. The action of SO(W,q) on A ev induces an action on X. Clearly, 
any isomorphism between two quotients A and A' is induced by an automorphism of P 4 . 
Therefore, the above construction defines a map m : X/SO(W,q) — > H 3 , to the space of 
cubics in P 4 modulo projective equivalence. That this map is injective follows from the 
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7.1 Lemma. For any cubic F in the image of m there is precisely one quadratic relation 
between the quadrics in F^~ 

The proof of this lemma is postponed until (8.7). 

The dimension of X/SO(W,q) is dimG(5, 16) - diraSO(W,q) = 55 - 45 = 10 while 
dimtfs = /i (O P 43) - dimGL(C 5 ) = 35 - 25 = 10 so the map m is dominating onto its 
image components. But both source and target are irreducible, so the image of m must 
be a dense subvariety, and (0.10) follows. □ 

7.2 We conjecture that the generality condition on A can be made precise via syzygies: 

Conjecture. An artinian ring A with Hilbert function (1, 5, 5, 1) is isomorphic to a quo- 
tient Rs/(h , . . . , hio) for some linear forms /i , • • • , ^io £ Rs iff A syzygies 

- 10 16 - - - 

- - - 16 10 - 
----- 1 . 

as C[xo, . . . , x^-module. 

This conjecture implies Mukai's Theorem (Theorem 0.9) by applying the concept of 
'very rigidity' cf. [Buchweitz 1981]. For a different proof of Mukai's Theorem see also 
[Eusen,Schreyer 1995]. 

8. Proof of the main results 

8.0 Let A F be the homogeneous coordinate ring of the empty intersection of the 
spinor variety S with a general P = P 4 , i. e. the apolar Artinian Gorenstein ring of a 
general cubic F e P 4 . 

To describe VSP(F, 8) we follow the procedure of section 3 and consider duality and 
the projection from partials 7rf . The projection from partials 7r.f : P — > P 9 is nothing 
but the restriction of the map v + to P, and the points in VSP(F, 8) representing smooth 
apolar subschemes to F of degree 8 correspond to proper 8-secant planes to the image 
Vp = 7r£(P) C P 9 . We show in lemma 8.4 below that any such 8-secant plane is contained 
in the quadric Q C P 9 which is the image of v + . Since any plane in Q is the intersection 
of a pencil of isotropic P 4 's, the preimage of a plane is contained in a pencil of tangent 
hyperplanes to S, cf. 6.7. Thus any plane in Q correspond to a line in the dual variety 

Sodd tO S = S ev . 

Recall that the preimage of an isotropic P 4 corresponding to a point on S dd is a 11- 
dimensional cone over the Grassmannian variety G(2, 5) contained in a tangent hyperplane. 
Clearly P intersects this inverse image properly in a curve precisely when P is contained 
in the tangent hyperplane. In this case the curve of intersection is an elliptic quintic curve. 
Therefore Y = P 10 n S odd C P*(A odd ) where P 10 is dual to P C P*(A e "), parameterizes 
apolar elliptic quintic curves to F, i. e. defines a subvariety of VPS(F, 5t) in the notation 
of 1.3. 
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On the other hand, it follows from (5.2) that apolar subschemes of degree 8 are 
contained in a pencil of apolar elliptic quintic curves. Let My denote the Fano variety of 
lines in Y. We show that for general cubic 3- fold F, the variety My is smooth of dimension 
5 and that every point on My correspond to a finite apolar subscheme to F of length 8, i. 
e. that F 5 coincide with VSP(F, 8). 

8.1 Lemma. Let Y = P 10 n S odd C P*(A ocM ) for a general P 10 , and let My be the Fano 
variety of lines in Y. Then My is smooth of dimension 5. 

Proof. Recall for each point H e S Q dd the tangent cone G 7 H = S Q dd H Tu with 
vertex H inside the tangent space T H is isomorphic to a 7-dimensional cone over the 
Grassmannian of planes in the isotropic P 4 corresponding to H. For each point H in Y 
let dfj = G 7 H fl P 10 C Y. Then g\ is the cone over an elliptic normal quintic curve. In 
particular there is an elliptic curve of lines through a general point H in Y. Since a line is 
a pencil of points, Y contains a 5-dimensional family of lines, i. e. My has dimension 5. 

For smoothness we consider the normal bundle Nl of a line L in Y. My is smooth 
as soon as ^(Nl) = for every line L in Y. This is verified by a dimension count. For 
each line L in S the normal bundle is 3(Dl + 6(9^(1) (cf. [Ein 1986]). Since Y is a section 
of S dd with a P 10 , the normal bundle sequence becomes 

0-^ N L — 30 L ®60 L (1) — > 50 L (1) — >0 

This is exact so the rank of the map oil '■ 6C?l(1) — > 5C?l(1) is at least 3; otherwise 
the map would have a summand 30l — > 30l(1) which cannot be surjective at every 
point of L. On the other hand ^(Nl) ^ only if Nl has a summand Oi,(—d) with d > 2. 
Therefore L is a singular point on My only if the map oll has rank 3. But the set of 
flags (L,P 10 ) of lines L in S dd H P 10 where «l has rank 3 is a determinantal variety of 
codimension 6 in the variety of all flags so for general Y, My is smooth. □ 

For the correspondence between 8-secant planes to Vp and lines in Y, we first study 
the fibers of the map v + more carefully. 

Let Bis '■ P ~~ * P*(A e ") be the the blowup map along S, then v + lifts to a morphism 
v+ : P -> Q C P 9 . For a subscheme Z C Q let F z = J B/ S ((f~+)" 1 (^))- By abuse of 
notation we often call F z the preimage of Z by f + . We consider first the preimage of 
points, lines and planes. 

8.2 Lemma. The fiber of v + , i. e. F p for a point p G Q, is a linear P 7 which intersect S 
in a smooth quadric hypersurface. The preimage of a line, i. e. F L for a line L C Q is a 
rational normal quartic scroll in a P 11 with vertex a P 3 . The preimage of a conic section, 
which is not contained in Q, is a rational normal scroll of dimension 8 and degree 8. 

Proof. By homogeneity we may choose any point and any line and compute the 
preimage from the equations. 

Consider the point on Q with yi = as the only nonzero coordinate. The other 
quadrics all vanish on the P 7 = {xi2 = ^1345 = ^13 = £1245 = ^14 = ^1235 = #15 = 
£1234 = 0} which is the singular locus of q± , and defines in it a smooth quadric. For 
any point outside the P 7 one of the variables defining it is nonzero. But on the complement 
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of any coordinate hyperplane S is defined by 5 quadrics as explained in (6.3), and q± is not 
among these 5 quadrics for any of the coordinates defining the P 7 . Therefore any point 
outside this P 7 on all but the first quadric also lie on the first quadric. Thus we have 
recovered F p as a P 7 which intersect S e „ in a quadric. In particular the fiber over a point 
intersect S e „ in codimension one. 

Next look at the line in Q with all coordinates but y\ = q± and yi = q^ equal zero. 
In this case the remaining quadrics 

£0^2345 + ^23^45 - ^24^35 + ^34^25 
£0^1345 - ^13^45 + £14X35 - £34X15 
£0^1245 + ^12^45 - ^14^25 + ^24^15 
-£13^2345 - ^23^1345 + ^34^1235 + ^1234^35 
£0^1235 - ^12^35 + ^13^25 ~ ^23^15 
-^14^2345 - ^24^1345 - ^34^1245 + ^1234^45 
^0^1234 + ^12^34 - ^13^24 + ^23^14 
—£15^2345 — ^25^1345 ~ ^35^1245 ~ ^1235^45 

cut the union of S and the rational quartic scroll in P 11 = {xq = £34 = £45 = £35 = 0} 
defined by the 2x2 minors of: 

/ X13 X14 £15 £1345 
\£23 ^24 £25 -^2345- 

In fact the 5 quadrics defining S on the complement of any of the coordinate hyperplanes 
which contain P 11 does not involve q± or q% , so any point outside the P 11 on the 8 quadrics 
lie on S. 

Thus the preimage Fl of the line is a rational normal quartic scroll in P 11 with 
vertex a P 3 . One can check that the intersection of P 11 with S is not proper, in fact this 
intersection has codimension one in the fiber over the line. 

For the preimage of a conic section, the computation is similar. □ 

A plane n C Q is contained in a pencil of isotropic P 4, s of each family on Q. These 
pencils of isotropic P 4, s correspond to a line L f C S and by duality a pencil of tangent 
hyperplanes defining a P* 3 C P*(A e "). The following lemma should be compared with 
(5.2). 

8.3 Lemma. The preimage by v + of a plane, i. e. F n for a plane n C Q is a cone 
over a codimension 4 subvariety of degree 8 and sectional genus 3 with vertex line L n C S 
inside P^ 3 . More precisely, the tangent spaces to S along L n form the rulings of a rational 
cubic croll and F n is the baselocus of a pencil of divisors on this scroll determined by the 
tangent hyperplanes H D P^ 3 . These divisors are all isomorphic to the 10-dimensional 
cone over a tangent hyperplane section of G(2, 5). 
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Proof. We consider the plane tt in Q with all coordinates but y\ = q x , yi = q 2 and 
V3 = % equal zero. The remaining quadrics 

qt = #0#2345 + #23#45 ~ #24^35 + #34#25 

Q-2 = #0#1345 — #13#45 + #14^35 — #34#15 

it = #0#1245 + #12#45 — #14^25 + #24#15 

qt = #0#1235 - #12#35 + #13^25 - £23#15 

q~l = -X14X2345 - #24^1345 - #34#1245 + ^1234^45 

qt = #0#1234 + £l2#34 - X13X24 + #23#14 

q$ = -#15^2345 - #25^1345 ~ #35#1245 - #1235#45 

cut the union of S and a cone C n over a codimension 4 subvariety of degree 8 and sectional 
genus 3 with a vertex line 



: Xij =0 ij ^ 45 £ 2 345 = #1345 = #1245 = 

in P^ 3 = {xo = X45 = 0}. In fact any point outside P^ 3 on the 7 quadrics lie on S like 
above. 

In each tangent hyperplane H D P^ 3 the preimage G]j of the isotropic P 4 corre- 
sponding to H is defined by 5 quadrics. For the pencil of tangent hyperplanes there is a 
net of common quadrics, the 2x2 minors of the matrix 

X14 £24 #34 
#15 #25 #35 

which define a rational cubic scroll of dimension 11 with vertex a P 7 inside P^ 3 . For 
each H, the intersection G 1 ^ D P* 3 has dimension 10 and is a divisor on this cubic scroll. 
Now G 1 ^ is naturally the cone over the Grassmannian G(2,5) of lines in the isotropic 
P 4 corresponding to H, while the pencil of isotropic P 4, s corresponding to the pencil of 
hyperplanes through P^ 3 meet in a plane. Therefore G 1 ^ fl P^ 3 is isomorphic to the cone 
over a tangent hyperplane section of G(2, 5). The preimage F w is the intersection on cubic 
scroll of this pencil of divisors. 

Explicitly F n is defined by the above net of quadrics and the 4 quadric entries of the 
product matrix : 



#14 #24 #34 
#15 #25 #35 



\ / #23 #2345 \ 
J ' -#13 #1345 
' \ #12 #1245 / 



Each of the divisors on the cubic scroll is defined by an element in the column space of 
the second factor above. The vertex of this divisor as a cone is the P 4 defined by the 
corresponding column vector in the vertex P 7 of the cubic scroll. 

A point on the line L n correspond to a vector in the row space of the first matrix 
factor above. In fact the entries in the row vector vanish in P^ 3 exactly along the tangent 
P 10 to S at the corresponding point. The inverse image of the isotropic subspace with 
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vertex at a point on the line restricts to the P* 3 as the union of this tangent space 
and the cone F n . In fact the tangent spaces to S along the vertex line form the ruling 
of the distinguished cubic scroll that contains F n , and the P 7 inside is precisely the 
intersection of these tangent spaces. □ 

Thus v + identifies the line in both S e „ and S dd which correspond to a plane in Q. 
One can check that the intersection of S ev with the inverse image F % has codimension 2. 

Next we restrict v + to the P = P 4 C P^A 6 ") which correspond to the apolar Artinian 
Gorenstein ring A F . Note that P does not intersect S, and v + have only linear fibers 
which intersect S in codimension 1, so this restriction is an embedding. Like above we set 



8.4 Lemma. Any proper 8-secant plane to Vp is contained in the quadric Q. 

Proof. Since Vp is contained in Q, the intersection of Vp with any plane which is 
not contained in Q is contained in a conic section. But the preimage of a conic section is 
a rational normal scroll of degree 8 and codimension 7 by (8.2). This scroll cannot meet 
any P 4 in 8 points, so the lemma follows. □ 

8.5 Lemma. Assume that P does not intersect the spinor variety, and that the intersec- 
tion Y of the dual P 10 = P 1 - C P*(A ocW ) with the dual spinor variety is smooth and has a 
smooth Fano variety of lines My- Then every line in Y correspond to a plane in Q C P 9 
which intersect Vp along a finite scheme of length 8. 

Proof. Any line l n C Y correspond to a dual P 13 C P^A 6 ") which contain P. The 
line 1^ correspond to a plane tv C Q C P 9 whose preimage F n by v + span this P 13 . 
The preimage of it n Vp is therefore the intersection P n F^. But F n has degree 8 and 
codimension 4, by (8.3), so as soon as the intersection PnF^ is proper the lemma follows. 

On the other hand since v + restricted to P is an embedding, the intersection n (~)Vp 
contains at most a curve. And, since the map is defined by quadrics, any plane curve on 
Vp is a conic section, the image of a line on P. Therefore we need only to rule out the 
existence of a line L in the intersection P n F n . 

Assume that P n F n contains a line L. For a case by case argument we use the 
coordinates of the proof of (8.3). Thus P 13 is defined by P 13 = {x = x 45 = 0} and F^ is 
defined by the by the 2x2 minors of the matrix 



V P = v 



+(P) cQcP 9 . 




X14 X24 X34 
%15 x 25 x 35 



and the quadratic entries of the product matrix: 




The intersection of F^ with S is defined with the additional three quadrics 



q[~ = ^12^1345 + ^13^1245 + ^14^1235 + ^15^1234 
<?2~ = -^12^2345 + ^23^1245 + ^24^1235 + ^1234^25 
<?3~ = -^13^2345 - ^23^1345 + ^34^1235 + ^1234^35 



26 



The 2 x 2-minors of Ai define the distinguished cubic scroll S n which contain F^. 

The row vectors of Ai define the ruling of the cubic scroll and it is the intersection with 
tangent spaces to S e „ with the P 13 . Since any tangent space intersect S in codimension 
3, the intersection of P with a tangent space is at most a plane, i. e. the rank of any row 
vector of Ai restricted to P is at least 2. If every row vector has rank 2 restricted to P, 
then S = S n n P is an irreducible quadric hypersurface in P, otherwise S is a possibly 
reducible cubic surface scroll. 

Now, the line L is clearly contained in S. Consider the rank of a general row vector 
of Ai restricted to L. This rank may be 0,1 or 2. If the rank is then S is a cone with L 
inside the vertex. If the rank is 1 then L intersect the general ruling of S in a point, and 
if the rank is 2 then L is contained in one ruling and do not intersect any other ruling of 
S. We go case by case. 

When Ai have rank on L, then the three additional quadrics reduce to the 2x2 
minors of Af. Therefore L need not intersect the spinor variety. But we will show that the 
line In C Y in this case correspond to a singular point on the Fano variety M Y of lines on 
Y. Now, the rulings in S all pass through L; if S is a surface it is three plans through L, 
if it is a quadric it is a cone with vertex L, in either case it contains three planes which 
together span P. Each plane is the intersection of P with a tangent space, so dually each 
of these planes correspond to planes in Y through the line l n . Moreover, these planes in 
Y must span a P 4 ; otherwise Y contains a P 3 . Any P 3 C Y correspond by duality to a 
P 11 containing P and the tangent space T p to S at a point p. Thus P would intersect 
this tangent space in a P 3 . But the tangent cone to S has codimension 3 inside T p , cf. 
(6.5), so P would in fact intersect S, which is absurd. Since the planes in Y which contain 
Ztt span a P 4 , the normal bundle of l n in Y has at least 6 sections, 2 from each of three 
independant planes. But the Fano variety M Y has dimension 5 so the line l w must be a 
singular point on My, contrary to our assumption. 

When the general row of Ai have rank 1 on L, then we may assume that £14 and 
x\5 are the only nonzero terms of Ai on L. The remaining quadrics defining F n restrict 
to L as the quadratic forms £14X23 = £14X2345 = £15^23 = £15^2345 = 0. The last three 
quadrics defining the intersection with the spinor variety reduce to the quadric £12^1345 + 
£13^1245 + £14^1235 + £i5£i234, so the line must intersect the spinor variety, contrary to 
our assumption that P does not. 

When the general row of Ai have rank 2 on L, then we may assume that £14 and £24 
are the only nonzero terms on L. The remaining quadrics defining F n restrict to L as the 
quadric forms £14X23 —£24X13 = £14X2345 +£24£i345 = 0. The last three quadrics defining 
the intersection with the spinor variety reduce to the quadrics 

£12£1345 + £13£1245 + £l4£l235 = "£l2£2345 + £23£l245 + £24£l235 = -£l3£2345 ~ £23£l345- 

These 5 quadrics are the principal Pfaffians of the following 5 x 5-dimensional skew sym- 
metric matrix: 



/ 








-£24 


—£2345 


£23 










£14 


—£1345 


-£13 




£24 


-£l4 





£1245 


-£12 


V 


£2345 


£1345 


— £1245 





~ £1235 


£23 


£13 


£12 


£1235 
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The two quadrics defining F n are the last two principal Pfaffians of this matrix. When 
these vanish on the line L, then all the Pfaffians vanish on the point defined by X1235 on 
L, so again L must intersect the spinor variety. 

We have shown that the intersection P n F n C P 13 is proper for any plane it corre- 
sponding to a line in Y, so the lemma follows. □ 

From (0.10), (8.2), (8.4) and (8.5) we get 

8.6 Theorem. Let F C P 4 be a general cubic. There exists a linear subspace P 10 C P 15 , 
which depends on F, such that VSP(F : 8) is isomorphic to the variety of lines in the 5-fold 
Y = Y(F) := P 10 n S 10 C P 15 . Moreover VSP(F, 8) is smooth of dimension 5. 

8.7 Proof of (7.1). For this proof we investigate the geometry of My a bit further. 
Recall from the proof of (8.1) that every point H in Y is the vertex of a cone gn over 
an elliptic quintic curve. But each line in the cone gu correspond to a plane in Ph, the 
isotropic P 4 corresponding to H. So for each H eY there is an elliptic quintic scroll Vh 
of planes in Pjj. This threefold scroll is singular along an elliptic quintic surface scroll Sh 
of lines in Ph- Turning to the dual space, note that for a general P 10 the dual P = P 
do not intersect S e „ at all. The space P meets each cone G 1 ^ for a general H e S ol id in 
5 points, but for a point H in Y, the span of G 1 ^ contains P and the intersection is an 
elliptic curve E H , the intersection of a Grassmannian with a general linear space. For two 
points H and H' on a line, G 1 ^ and G]}, have a common line in the vertex, it is the dual 
of the plane of intersection of Pjj and Ph 1 ■ Since G 1 ^ is the cone over the Grassmannian 
of lines in Pjj each point on Eh determines a line in Ph C Q. But P lies in the span of 
both G 1 ^ and G 1 ^, , so P intersects G 1 ^ only in fibers of lines in Ph which meet Ph> ■ The 
elliptic curve Eh altogether determines an elliptic scroll of lines. Since each line in the 
scroll meet the plane Ph H Ph 1 for any H' e gn, the scroll must coincide with the scroll 
Sh in Ph described above. 

Now, any line in Y correspond to an 8-secant plane to the image v + (P) = Vp C P 9 . 
On the scroll Sh these planes are the planes of plane cubic curves. The image of Eh is an 
elliptic curve of degree 10 on the scroll Sh, which must therefore intersect the plane cubic 
curves on Sh in 8 points. More precisely the image of Eh is a curve of type Cq + 7R on 
Sh, where Cq is a section with selfintersection 1 and R is a member of the ruling. 

Since the scroll Sh is not contained in any quadric, it follows that the image of Eh 
is not contained in any quadrics either. Therefore the isotropic P 4 of any apolar elliptic 
curve Eh is contained in any quadric which contains Vp. But for a general point on the 
quadric Q there is a 6-dimensional quadric of isotropic P 4, s through the point, they form 
a 6-dimensional quadric in the spinor variety, and necessarily intersects the 5-dimensional 
subvariety Y. Therefore the isotropic subspaces of apolar elliptic curves fill all of Q, and 
this is the unique quadric containing Vp.D 

9. Invariants of VSP(F, 8) 

9.1 To find the invariants of M Y we describe the Fano variety M of lines in S(= S ev ) 
via the correspondence with the Fano variety of planes in the quadric Q. These varieties 
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are isomorphic. Each line in S correspond to a pencil of isotropic P 4, s of the same family 
through a plane in the quadric Q, and this correspondence is made precise by the map v + 
(cf. 8.3). In fact v+ induces a map of G(3, Af(-2h) = G(3, B) into G(3, W), so that the 
universal subbundle on G(3,B) is induced from M C G(3, 10). The Fano variety F q of 
planes in Q is easily described in the Grassmannian G = G(3, 10) of planes in P 9 . But we 
need to identify the subvariety My so we compute M C G(2, 16). 

9.2 Proposition. My is a Fano 5-fold of index 1 and degree 660. 

Proof. As above, let M denote the Fano variety of lines in the spinor variety S and 
let G C S x M denote the universal family. pr±: G — > S is a G(3, 5)-bundle. We compute 
the co ho mo logy rings of S, G and M, starting with S. 

Let B denote the tautological rank 5 subbundle on the spinor variety S with tauto- 
logical sequence 

-> B -> lOCs -»• B* -> 0. 

Then 2* A 2 S C Hom(B, B*)*. The cohomology ring #*(S, Q) is generated by the 
Chern classes of B and the hyperplane class h of S C P 15 : Relations among these classes 
arise from the tautological sequence, the conormal bundle sequence 

— > A/g(-pi5 — > fipis |s — ¥ — ^ 

and A^ cpl5 ^B*(-2h). 

With 6j = Ci(B) theses relations give b± = —2h,b 2 = 2/i 2 ,6 4 = — 2h 4 — 2hb 3 ,b 5 = 

and 

b\ + 8b 3 h 3 + 8h 6 = = 6h% + 7h 8 . 
The last 2 equations define a complete intersection in Q[h, 63]. Since 

h 10 = 12 G if 20 (S,Q) ^ Q, 

there are no further relations between h and 63. To deduce 

H*(S, Q) ^ Q[/i, b 3 ]/(bl + 8b 3 h s + 8/i 6 , 6h 5 b 3 + 7h 8 ) 

we note that the odd cohomology of S vanishes and compute the Euler number of S: 

e(S)=c 10 (Oi) = V = 16, 

which equals the length of the right hand side ring above. 

G = G(3,B). So H*(G,Q) is generated as H*(S, Q)-algebra by the Chern classes 
ui,U2,u 3 of the universal subbundle U and relation follow from the exact sequence 

O^U^Bg^Q^O. 
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This gives 

H*(G,Q)^H*(S,Q)[ Ul ,u 2 ]/(f,g) 

with 

11 11 

f = h — h U2 — -u 2 — -bsui + 2h u\ — 2hu2U\ + 3h u x — -U2U 1 + 2hu 1 + -u± 

and 

g = b^ti 2 + 2h 3 U2 — hu\ + b^hui + 3h 2 U2Ui — 2u 2 ,u\ 

2 

-h)zu\ + 2h 2 u\ + ^u 2 u\ + 2hu\ + ]^u\. 

pr 2 : G -> M is a P^bundle: G = P(E) with £ = pr 2 *pr$0(h). Hence 

Q) = H*(M, Q)[h]/(h 2 - Cl h + c 2 ) 

with ci = c\(E),C2 = 02(E). To compute these classes we note that 111,112,113 are classes 
on M, since Z7 is induced from M C G(3, 10) and compute 

Ann(-u} 4 ) = (u?, u 2 , /i 2 + C H*(G, Q). 

Since # 4 (M, Q) C if 4 (G, Q) is 3- respectively 4-dimensional u\,u 2 ,h 2 + u 1 h e H 4 (M, Q). 
So 

C2 = —h 2 — uih, c\ = —tii. 

For canonical classes we obtain 

K s = ci(^) = -8h,K G/s = ci(7iom(C/,g)*) = 6/1 + 5«i, 
hence i^c = — 2/i + 5-Ui. K G / M = —2h + c\(E) = —2h — u\, so 

K M = 6ui. 

My C M , the set of lines in Y - = S fl P 10 C P 15 , is defined by the vanishing of 5 
sections of E = pr2*pr*0(h). Hence [My] = {-h 2 - uih) 5 and K My = K M + 5ci(E) = 
u\. So My is Fano with anti-canonical class —u\ induced by the Pliicker embedding of 
M Y CM C G(3, 10) C P 119 . Since 

(-h 2 - mhfi-mfh = llufh 10 e H*(G, Q), 

the degree of the anti-canonical embedding of My is 11 • 5 • 12 = 660. In particular —Km y 
is not divisible in Pzc(My), i. e. My is a Fano variety of index l.D 

Theorem (0.8) now follows from (8.6) and (9.2). 
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